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Abstract. Adyan and Rabin showed that most properties of groups cannot be 
algorithmically recognized from a finite presentation alone. We prove that, if 
one is also given a solution to the word problem, then the class of fundamental 
groups of closed, geometric 3-manifolds is algorithmically recognizable. In our 
terminology, the class of geometric 3-manifold groups is 'recursive modulo the 
word problem'. 



1. Introduction 

Decision problems have been central to the field of geometric group theory since 
its inception in the work of Dehn |14) . These may be split into local problems, 
where a group is given and questions are asked about elements or (finite) collections 
of elements, and global problems, where questions are asked about different finite 
presentations of groups. Miller's survey article provides further details [31,. 

We will focus on global problems: recognizing whether a finite group presentation 
defines a group with some particular property. This is impossible for most natural 
properties of groups [l][2|l34j: most notoriously, it is impossible to recognize whether 
or not a finite presentation presents the trivial group. 

In order to aim towards positive recognition results, it is natural to consider a 
relative version of the problem. We investigate certain 'local-to-global' phenomena, 
where a local problem (specifically, the word problem) is assumed to be solvable 
and this solution is harnessed to determine global information. Examples of these 
phenomena already occur in the literature. In [19] it was proved that, given a 
solution to the word problem, it is possible to decide whether a finite presentation 
presents a free group, or a limit group; as mentioned in the same paper, surface 
groups can be recognized similarly (see Theorem 16.21 below). In jSO) . it was shown 
how to determine whether or not a closed 3-manifold is hyperbolic, given access 
to a solution to the word problem in its fundamental group. It is possible, with 
a solution to the word problem, to decide if a finitely presented group which has 
no 2-torsion admits a nontrivial splitting over the trivial group [41]. On the other 
hand, amongst fundamental groups of non-positively curved square complexes (a 
class in which there is a uniform solution to the word problem), it is impossible to 
decide if a group has a nontrivial finite quotient [9]. 

In the current paper and its sequel |18) , we turn our attention to the problem of 
detecting whether a finite presentation presents the fundamental group of a closed 
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S-manifold. This is the mysterious dimension; in dimensions four and higher, every 
finitely presentable group arises as the fundamental group of a closed manifold. 
The main result of this paper is the following. 

Theorem 1.1. There exists an algorithm that, given a solution to the word problem, 
decides whether or not a finite presentation presents the fundamental group of a 
closed geometric 3~manifold. 

In [18| . we remove the word 'geometric' from the above theorem, and recognize 
3-manifold groups using the word problem. 

Note that we have been deliberately vague about what it means to be given a 
solution to the word problem in the statement of Theorem 11.11 There are some 
subtleties to this notion, and we postpone a precise statement until Theorem 12. Ill 
of the next section. For now, the reader should note that Theorem 11.11 implies that 
geometric 3-manifold groups can be recognized in many classes of groups that arise 
in practice, such as linear groups and automatic groups. 

In fact, we prove that that each of Thurston's eight geometries can individually 
be recognized using the word problem. As a consequence, we recover the following 
well known corollary of geometrization (cf. [301 Theorem 1.4] and |27|). 

Corollary 1.2. There is an algorithm that takes as input a triangulation of a closed 
3-manifold M and determines whether or not M is geometric, and if so determines 
the geometry that M admits. 

Proof. The word problem for the fundamental group can be explicitly solved from a 
triangulation of a 3~manifold. This follows from Perelman's Geometrization Theo- 
rem and a theorem of Hempel [21] (see Proposition 15 . 51 below) . On the other hand, 
the geometry of a closed 3-manifold is determined by its fundamental group. □ 

Along the way, we give a proof of the following theorem, which is of independent 
interest. Although we presume this is known to the experts, we are not aware of a 
proof in the literature. 

Theorem 15. 1[ If T is a torsion-free group with a .subgroup of finite index iso- 
morphic to niAI , where M is a closed, irreducible 3-manifold, then T is also the 
fundamental group of a closed, irreducible 3-manifold. 

The theorem is the dimension-three case of a conjecture of Wall in all dimensions 
[l6l p. 281]. The result relies on Geometrization, Mostow Rigidity, the Convergence 
Group Theorem, and a theorem of Zimmermann. 

Acknowledgements. We thank Daryl Cooper for pointing out that Theorem [ST] 
would simplify our program. 

2. Recursive classes modulo the word problem 

We now turn to the formal setup which allows us to precisely state our main 
theorem (see Theorem 12.111 below) . 

Fix a countable alphabet, and let U be the set of all finite presentations on 
generators in that alphabet. A subset C C W is recursively enumerable if there is 
an algorithm to recognize when a presentation P is in C, and (absolutely) recursive 
if both C and its complement U \ C are recursively enumerable — that is, it can be 
algorithmically determined whether or not a finite presentation is an element of C. 
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We are concerned with isomorphism-closed classes of finitely presentable groups, 
which naturally correspond to isomorphism-closed subsets of U. We will refer to 
such a subset as a class of groups. It is not hard to see that the class of perfect 
groups is absolutely recursive. However, this is an unusual phenomenon. A class 
C is Markov if there is a finitely presentable Go £ C, and if there is a finitely 
presentable Hq such that whenever Hq is a subgroup oi G, G ^ C. Note that the 
class consisting of just the trivial group is Markov. A fundamental result of Adyan 
and Rabin states that if C is Markov then C is not recursive [TJ[21[31]- In contrast, 
many natural classes of groups are recursively enumerable. 

To remedy this problem, we restrict our attention to subsets T) oilA with bet- 
ter algorithmic properties. The weakest natural assumption that one might im- 
pose is that the word problem should be uniformly solvable in V. Such classes 
of groups abound: linear groups, automatic groups, one-relator groups, residually 
finite groups etc. 

Remark 2.1. If 2? is a set of presentations in which the word problem is uniformly 
solvable, then there is an algorithm that recognizes whether or not a finite presen- 
tation P (z V represents the trivial group: the algorithm just checks whether or not 
every generator of P is trivial. 

This observation motivates our next definitions. 

Definition 2.2. A pair of disjoint sets of presentations X and y is recursively 
separable if there are recursively enumerable subsets X' and y' of U such that 

xcx'hvLtynx' = 0iiiidyc y but xny' = 0. 

Definition 2.3. Let 2? be a set of finite presentations and let C be a subset. We 
will say that C is recursive inV \i C and 2? \ C are recursively separable. 

Definition 2.4. A class of groups C is said to be recursive modulo the word problem 
if, whenever 2? is a set of presentations in which the word problem is uniformly 
solvable, the intersection C fl 2? is recursive in V. 

Notation 2.5. Throughout this paper Xc^v and yc,-D will always denote recursively 
enumerable sets of presentations with the property that Xq.-d, ycv separate C H 2? 
and V\C. 

Note that there is neither a requirement that the union of Xc^v and 3^c,x> should 
be the whole of U, nor that their intersection should be trivial. This is because 
these sets will come from a uniform solution to the word problem in 2?, which when 
applied to presentations not in 2? may either fail to terminate or give incorrect 
answers. 

Remark 2.6. One could consider alternate definitions of "recursive modulo the 
word problem" . For example, say that a class of groups C is recursive modulo 
a word-problem oracle if both C and its complement U \ C can be recursively 
enumerated by a Turing machine with an oracle which solves the word problem in 
every presentation in U. 

Since such an oracle is equivalent to an oracle which solves the halting problem, 
one can show that any recursively enumerable class of groups is recursive mod- 
ulo a word-problem oracle. The next example exhibits a class of groups which is 
recursively enumerable (hence recursive modulo a word-problem oracle) but not 
recursive modulo the word problem. 
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Example 2.7. Let TQ be the class of all finitely presentable groups with a non- 
trivial finite quotient. Then TQ is recursively enumerable, and hence both TQ 
and lA \ TQ can be enumerated by a Turing machine with an oracle for the halting 
problem. 

On the other hand, in [9] it is shown that it is not possible to algorithmically 
determine whether or not the fundamental group of a compact non-positively curved 
cube complex is in TQ. As the word problem is uniformly solvable among such 
fundamental groups, it follows that TQ is not recursive modulo the word problem. 

Let us denote by the class of fundamental groups of closed n-manifolds 
(so = W for n > 4) and by AA4n the class of fundamental groups of closed, 
aspherical n-manifolds. 

Example 2.8. We shall see below that Aii — AAii = {Z} is recursive modulo 
the word problem. 

Example 2.9. In [19 it was shown that the class of finitely generated free groups 
is recursive modulo the word problem. Similar arguments show that A^2 and AA42 
are recursive modulo the word problem (see Section [6] below). 

Example 2.10. It is a standard fact that A^„ =U ioi n > A; in particular, Ain is 
recursive modulo the word problem when n > 4, for trivial reasons. Mark Sapir has 
proposed a proof that AA4n is not recursive modulo the word problem for n > 4 

m- 

Therefore, there is a gap in our understanding in dimension three; the purpose 
of this paper is to begin to begin to fill that gap. Recall that a closed 3-manifold 
M is geometric if it admits a Riemannian metric such that the universal cover is 
homogeneous. 

Theorem 2.11. Let Q be the class of fundamental groups of closed geometric 3- 
manifolds. Then Q is recursive modulo the word problem. 

The reader is referred to [37j for a comprehensive survey of geometric 3-manifolds. 
In a subsequent paper [T^, we will remove the 'geometric' hypothesis and prove 
that Ads and AAij, are both recursive modulo the word problem. 

By Thurston's classification, there are precisely eight mutually exclusive classes 
of closed geometric 3-manifold groups, as follows. 

• the class of fundamental groups of closed hyperbolic 3-manifolds. 

• ST+^^, the class of spherical 3-manifold groups. 

• ST+,= , the class of fundamental groups of 3-manifolds modelled on S'^ x M. 

• STq,= , the class of Euclidean 3-manifold groups. 

• STq^^, the class of fundamental groups of manifolds modelled on the Heisen- 
berg Lie group Nil. 

• ST-,=, the class of fundamental groups of manifolds modelled on x R. 

• ST the class of fundamental groups of manifolds modelled on the Lie 

group S'L2(R). 

• SOC, the class of fundamental groups of manifolds modelled on the Lie 
group Sol. 

In the above notation, ST^^e is precisely the class of fundamental groups of closed 
Seifert fibred 3-manifolds such that the sign of the orbifold Euler characteristic of 
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the base orbifold is given by x ^-nd the Euler number of the Seifert bundle structure 
is cither equal to zero or not according to e. 

In our proof, the separate geometries are dealt with more or less separately, and 
so we in fact prove the following, stronger, result. 

Theorem 2.12. Each of H, SF^^e (for all values of x,e) and SOC is recursive 
modulo the word problem. 

2.1. Outline. Theorem 12. 121 is the conjunction of the statements in Theorems 1 7. 21 
[OIOlfT031[TT31[m3l and[T3Jl 

In Section [3] we record some general facts about recursiveness and recursiveness 
modulo the word problem of sets of presentations. In Sectional we develop some 
aspects of the theory of limit groups which are useful for our purposes. In Section [51 
we establish that torsion-free virtual 3-manifold groups are 3-manifold groups. In 
Section [6l we show that surface groups and aspherical surface groups are recursive 
modulo the word problem. 

Sections [7HT3I establish, for each geometry in turn, the recursiveness modulo the 
word problem of the set of fundamental groups of closed 3-manifolds admitting 
that geometry. Section [7] deals with spherical geometry. Section [5] with S'^ x R, 
Section [9] with E^, Section [10] with Nil, Section [TT] with Sol, Section [12] with x R 

and SL2{M.). Finally, Section [T^ deals with hyperbolic geometry. 

3. Basic constructions and examples 

3.1. First properties. 

Remark 3.1. If A" and y are recursively enumerable then so are Xny and Xuy. 

Lemma 3.2. Let C C X) C f be sets of presentations. 

(1) If C is recursive in V and V is recursive in £ then C is recursive in £. 

(2) If C is recursive in £ then C is also recursive in T>. 

Proof. For the first assertion, set Xq.s — Xq.v H Xd.s and yc,£ — yc,v U 3^r>,£. For 
the second, just note that Xc^-d = <^c,£ a-nd ycv — yc.e are as required. □ 

Lemma 3.3. // T) is recursive modulo the word problem and C is recursive in T) 
then C is also recursive modulo the word problem. 

Proof. Suppose the word problem is uniformly solvable in £. Taking 

Xc,e — ^c,v n X-p^s 

and 

yc,£ — yc,v U yv,£ 

proves the result. □ 

3.2. The Isomorphism Problem. 

Remark 3.4. Let I? be a class of groups in which the isomorphism problem is 
solvable. Then every singleton sub-class-of-groups is recursive in T>. 

The converse to this is not quite true. Saying that the isomorphism problem is 
solvable in V is the same as saying that the singleton classes of groups in V are 
uniformly recursive, in the sense that there is a single Turing machine that can 
recognize the class of any group. 
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3.3. The Reidemeister— Schreier Algorithm. The Reidemeister-Schreier Algo- 
rithm enumerates the finite- index subgroups of a given finitely presented group (see 
[25 ', Proposition 4.1]). Topologically, the Reidemeister-Schreier Algorithm can be 
thought of as just listing all possible covering spaces of a finite CW complex of 
index at most k. 

Theorem 3.5 (Reidemeister-Schreier). There is an algorithm that takes as input 
a presentation P Cz U and a natural number k and outputs a list of presentations of 
all subgroups of index at most k together with embeddings into the group presented 
by P. 

We shall denote this output set of presentations by Sk{P}- More generally, for 
any set of presentations C, let 

SkC = y Sk{p} 

Pec 

and let 

SC=\J SkC , 

the class of all finite index subgroups of groups in C. Furthermore, let 

VkC = {PeU\Sk{P}nC^0} 

for each fc G N and let 

VC=\J VkC , 

the class of all virtually-C groups. Finally, we use the following notation for the 
class of groups all of whose bounded index subgroups lie in C: 

WkC = {PeU I Sk{P} C C} 

for each fc g N. Finally, 

WC = fl WkC 

denotes the groups all of whose finite index subgroups lie in C. 

It is sometimes useful to be able to allow the index that we consider to vary with 
the presentation. Suppose therefore that / : — s> N is a computable function. We 
will write 

SfC^ U5/(P){P} 
Pec 

as well as 

VfC^{P eU\ Sf(p) {P} n C ^ 0} 

and 

WfC = {P&U\ C C} 

The following is an immediate application of the Reidemeister-Schreier Algo- 
rithm. 

Lemma 3.6. Let C be a set of presentations and f : lA ^ N a computable function. 

(1) // C is recursively enumerable then so are SfC, VfC and WfC, and hence 
also SC and VC. 

(2) // the word problem is uniformly solvable in C then the word problem is also 
uniformly solvable in SfC, VfC and WfC, and hence also in SC and VC. 
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The following, extremely useful, result follows. 

Lemma 3.7. Let f : U M be a computable function. If C is recursive modulo 
the word problem then so is VfC. 

Proof. Suppose that the word problem is uniformly solvable in T>. Then it is also 
uniformly solvable in SfV, and so C CiSfV is recursive in SfV. The sets VfXcSfV 
and W/3^c,<S/-D are both recursively enumerable. Because V C WfSjV, it follows 
that 

VfC nvc VfC n WfSfV c V/(c n SfV) c VfXc^s^v 

and also that 

V\VfCC WfSfV \ VfC C WfiSfV \ C) C WfycSfV ■ 
Furthermore, 

{VfCnv)nWfyc^SfV c VfCnWfSfVnWfycsfV 

c Vf{CnSfVnyc,Sfv) 

and 

(v \ VfC) n VfXc^s.v c {WfSfV \ VfC) n VfXc^s^v 
c V/((5/P\C)nA'c,5,p) 



Therefore, setting Xcy^c — VfXc,SfV and yc.VfC — VV/3^c,5/P proves the lemma. 

□ 



4. Limit groups 

In this section, we will develop the theory of limit groups in a form that is 
convenient for our purposes. We make no claims to originality. Most of the results 
of this section already appear in the literature; see [39], [19] and the references 
therein, and also I24j et seq. 

4.1. Definitions. 

Definition 4.1. Let G be a group. A sequence of homoniorphisms (/„ : G r„) 
is called convergent if, for every g ^ G, either fn{g) ~ 1 for all sufficiently large n 
or fn{g) 1 for all sufficiently large n. 

Remark 4.2. 

(1) Some authors call such a sequence stable. We, however, prefer the term 
convergent, which agrees with the fact this definition corresponds to con- 
vergence in the Gromov-Grigorchuk topology on marked groups. 

(2) An easy diagonal argument shows that if G is countable then every sequence 
of homomorphisms has a convergent subsequence. 

Definition 4.3. Given a convergent sequence /„, the stable kernel kei^ /„ is the 
normal subgroup of all g £ G with fn{g) = 1 for all sufficiently large n. A group L 
is called a C-limit group if there is a finitely generated group G and a convergent 
sequence of homomorphisms /„ : G — > r„ with each r„ e C such that L = G/ke|; /„. 

We will denote the class of C-limit groups by C. 
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Example 4.4. If is a finitely generated subgroup of a group F G C then H is a 
C-limit group. 

Example 4.5. Let TVfe be the class of nilpotent groups of class at most k. Then 

We arc particularly interested in the class J- of free non-abelian groups. 
Example 4.6. If S is a compact, orientable surface then ttiE G T . 
Definition 4.7. A C-factor set for a group G is a finite set of epimorphisms 

such that each G C and such that every homomorphism / from G to an element 
of C factors as f = f or]i for some i and some epimorphism f : Li for some 
r G C. A factor set of minimal cardinality is called minimal. 

Example 4.8. If F is a C-limit group then {F — > F} is a factor set. 

Lemma 4.9. Let G he any group. If there is a C-factor set for G then the minimal 

C-factor set is unique. 

Proof. Let {rji} and {^j} be minimal C-factor sets. Then every factors through 
some r/j(j) and, likewise, every r]i factors through some ^j(j) . Minimality now implies 
that the maps i i-> j(i) and j i{j) are mutual inverses, and the result follows. □ 

Definition 4.10. If there is a C-factor set for every finitely presentable G then we 

say that factor sets exist over C. 

The condition that every C-limit group is finitely presentable is not particularly 
natural; nevertheless, it happens to hold in the examples that we are interested in, 
and this makes the theory easier. 

Lemma 4.11. If every C-limit group is finitely presentable then factor sets exist 
over C. 

Proof. Suppose G is a finitely presented group without a factor set. Let {rjn ■ G 
F„} be the (countable) set of all C-limit group quotients of G. For each natural 
number n, let /„ : G — > r„ be a homomorphism that docs not factor through 
{rii, . . . ,r]n}. Now pass to an infinite convergent subsequence and let L be the limit 
group G/ kej fn. Because L is finitely presented, L = G/ ((ri, . . . , r^)) for some finite 
k and elements G ke|;/„ . By definition, there is an no such that every r; G kcr /„ 
for all n > no; in particular, /„ factors through the natural map 77 : G — )■ L for all 
n > no. But f] — rim for some m, contradicting the choice of the sequence {fn}- O 

4.2. Decision problems for C-limit groups. 

Definition 4.12. We say that factor sets are computable over C if there is an 
algorithm that takes as input a finite presentation {X \ R) for a group G and 
outputs a finite list of presentations Fc{G) = {Li = {X \ RU Si)} such that set of 
natural maps {G Li} is a minimal factor set for G. 

Note that if factor sets are computable over C then, in particular, every C-limit 
group is finitely presentable. 

Lemma 4.13. If factor sets are computable overC then C is recursively enumerable. 
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Proof. A Turing machine that enumerates U and computes minimal factor sets will 
output a list of elements of C. Every element of C appears in its own minimal factor 
set, so the list is complete. □ 

Theorem 4.14. If factor sets are computable over C then C is recursive modulo 
the word problem. 

Proof. Suppose the word problem is uniformly solvable in a set of finite presenta- 
tions T). By the previous lemma, we can set X-^ = C. To define we will 
describe a Turing machine that confirms if an element of 2? does not present a 
C-limit group. For a group G presented by an element of V, this Turing machine 
computes a minimal C-factor set. If this factor set has more than one element then 
G ^ C. Otherwise, the machine outputs a single epimorphism rj : G ^ L where 
L G C. The machine the determines whether the tautological section a : L ^ G is 
a homomorphism, using the solution to the word problem in G. The group G is a 
C-limit group if and only the section is a homomorphism. □ 

4.3. Abelian and nilpotent groups. Let A be the class of finitely presented 
abelian groups. For k > 1, let A4 be the class of finitely presented nilpotent groups 
of class at most k. 

Example 4.15. Because every map from a group G to an abelian group factors 
through the abelianization Gab, a factor set for G just consists of the canonical 
map G — Gab. In particular, factor sets are computable and A = A. 

Example 4.16. Let G be a group. Recall the lower central series of G is defined 
by 7i(G) — G and 7,;+i(G) — [7i(G),G]. A group G is nilpotent of class at most 
k if and only if 7^+1 (G) = {!}. Moreover, for any group G, any map from G 
to a group which is nilpotent of class at most k factors through the canonical 
map G G/jk+i{G). If G is finitely presented then so is Gk = G/jk+i{G). A 
presentation for Gk is computed by the ANU NQ algorithm [33]. Therefore, factor 
sets are computable for A/fe and Mk = Mk- 

Applying Theorem I4.14[ we immediately obtain that nilpotent groups of fixed 
class are recursive modulo the word problem. 

Theorem 4.17. For any k, J\fk is recursive modulo the word problem. In particu- 
lar, A, the class of finitely generated abelian groups, is recursive modulo the word 
problem. 

Corollary 4.18. The class {Z} — Mi — AM-i is recursive modulo the word 
problem. 

Proof. The isomorphism problem for finitely generated abelian groups is solvable, 
and hence {Z} is recursive in A. □ 

Corollary 4.19. Fix a finitely generated abelian group A. Then {A\ is recursive 
modulo the word problem. 

4.4. The universal theory. Over the class of free groups, it is more difficult to 
compute factor sets. We will therefore need a different set of criteria. 

Theorem 4.20. Let C be a class of finitely presented groups. Suppose that C is 
recursively enumerable and that the universal theory of C is decidable. Then factor 
sets are computable overC. 
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Proof. Since C is recursively enumerable, it contains only finitely presentable groups. 
Hence by Lemma [4.111 factor sets exist over C. 

Let G ^U. We first prove that it is possible to compute some factor set from a 
presentation {X \ R) for G. Because C is recursively enumerable, one can enumerate 
finite sets of presentations for C-limit groups {Li = {X \ RU Si)}; note that such 
presentations come with a natural epimorphism r]i from G. The statement that 
every homomorphism from G to F G C factors through some rji is equivalent to the 
assertion that the sentence 

yx, R = i^\/ s, = i 

i 

holds in F. Using the decidability of the universal theory, one can determine whether 
or not a finite set is a factor set. As factor sets always exist, a naive search will 
eventually find one. Therefore, it is possible to compute a factor set. 

We next observe that it is possible to determine whether or not a factor set 
is minimal. Indeed, if it is not, then some rjj factors through some 77^, which is 
equivalent to the sentence 

VX, i? = 1 A S"; = 1 S'j = 1 . 

Therefore, a given finite set is minimal if and only if the sentence 

MX, /\R=IAS, = 1^ Sj = 1 

holds in every F G C. Again, this can be determined using the decidability of the 
universal theory, and so a minimal factor set is computable. □ 

The next corollary follows immediately from the combination of Theorems 14.141 
andlUni 

Corollary 4.21. If C is recursively enumerable and the universal theory of C is 
decidable then C is recursive modulo the word problem. 

4.5. Limit groups over free groups. In this section, we summarize known re- 
sults when C — T, the class of free groups. The set of J'-limit groups is precisely 
the set of limit groups considered by Sela, as well as by Kharlampovich-Miasnikov 
under the name (finitely generated) fully residually free groups. 

The following results show that the results of the previous section can be applied 
to T. Makanin proved that the universal theory of free groups is decidable [2^ . 

Theorem 4.22. The universal theory of J- is decidable. 

Sela showed that J^- limit groups are finitely presentable |39| : Guirardel gave 
another proof [20] . 

Theorem 4.23. Every group in J- is finitely presentable. 

The first and third authors proved that the class of J^-limit groups is recursively 
enumerable [19) . 

Theorem 4.24. The set T is recursively enumerable. 

With these facts in hand, the algorithmic properties of T follow easily. 
Corollary 4.25. Factor sets are computable over J^. 
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Proof. This follows immediately from Theorems 14.201 14.221 and 14.241 D 
Corollary 4.26 ([191). The set J- is recursive modulo the word problem. 

Proof. This follows immediately from Corollary 14.211 and Theorems 14.221 and 14.241 

□ 

To use this information to restrict to subclasses of we use the fact that the 
isomorphism problem is solyable for J^- limit groups |11[ 113) . 

Theorem 4.27. The isomorphism problem is solvable in J- . 

In particular, it now follows easily that the class of free groups is recursiye modulo 
the word problem, exactly as in |19] . 

Theorem 4.28. The class of groups T is recursive modulo the word problem. 

Proof. By Corollary 14.261 and Lemma 13.31 it suffices to show that is recursiye 
in J-. But the isomorphism class of each element of J- is uniquely determined by 
its abelianization, so each 7^-limit group is isomorphic to at most one choice of 
free group, and this choice of free group is computable. Using the solution to the 
isomorphism problem in it follows that J- is recursiye in T as required. □ 

As most surface groups are J-"-limit groups, a similar argument will show that A^2 
is recursiye modulo the word problem. Howeyer, to deal with the few exceptions, we 
shall postpone the proof of this until we haye considered yirtual manifold groups. 

5. Virtual manifold groups 

The goal of this section is to prove the following theorem, conjectured by Wall 
to hold in all dimensions [TCI p. 281]. 

Theorem 5.1. If T is a torsion-free group with a subgroup of finite index iso- 
morphic to TTiM, where M is a closed, irreducible 3-manifold, then T is also the 
fundamental group of a closed, irreducible 3-manifold. 

The bulk of the work was done by Zimmermann, who dealt with the case of an 
effective extension of a Haken manifold in [33]. To deal with the remaining cases, 
we use Geometrization, Mostow Rigidity and the Convergence Group Theorem. 

We will also give a proof of the corresponding (well known) result in two dimen- 
sions, which relies on the Nielsen Realization Problem. 

The utility of this theorem in our context lies in the following consequence. For 
a class C of finitely presentable groups, recall that VC is the class of virtually C 
groups — that is, the class of finitely presentable groups with a subgroup of finite 
index in C. 

Corollary 5.2. The class AMs, is recursive in VAM.'i. 

To prove the corollary, we use the following observation. 

Lemma 5.3. Let J-T be the class of finitely presentable groups with a non-trivial 
cyclic subgroup that injects into some finite quotient. Then J-T is recursively enu- 
merable and contains every residually finite group with torsion. On the other hand, 
every torsion-free group is contained inlA \ TT ■ 
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Proof. Note first that presentations of finite groups are recursively enumerable. 
Since the word problem is uniformly solvable in finite groups, one can enumerate 
the pairs {{S \ where {S \ R) presents a finite group, R contains the word 

for some n > 2, and w has order exactly n in the group presented by (S \ R). 
Any element of J-T is obtained from such a pair by deleting some of the elements 
of R which are not equal to w". Thus J-T is recursively enumerable. 

Let r be a residually finite group and C = (w) a non-trivial finite cyclic subgroup. 
Replacing C by a subgroup if necessary, we may assume w has prime order. If 
77 : r Q is a homomorphism to a finite group with ri{w) ^ 1 then 77 |C is an 
injection. Therefore, F G TT- 

The final assertion is trivial. □ 

We also use the following consequence of the triangulability of 3-manifolds. 

Lemma 5.4. The set of presentations of closed 3-manifold groups 7W3 is recur- 
sively enumerable. 

Proof. The collection of finite simplicial 3-complexes (up to isomorphism of com- 
plex) is clearly recursively enumerable. Moise showed that every 3-manifold is 
triangulable [35], so every closed 3-manifold appears in this collection. Moreover, 
by checking the Euler characteristic and number of components of links of vertices, 
it is straightforward to check whether a given 3-complex is a 3-manifold. Thus the 
set of triangulated 3-manifolds is recursively enumerable. Any maximal tree in the 
one-skeleton of a triangulated 3-manifold gives a presentation if its fundamental 
group, so we can generate a list which contains at least one presentation of each 
3-manifold group. By applying Tietze transformations to these presentations, we 
can enumerate all presentations of closed 3-manifold groups. □ 

Finally, we will need to know that virtual 3-manifold groups are residually finite. 

Proposition 5.5. Every group whose presentations lie in VAi^ is residually finite. 
In particular, the word problem is uniformly solvable in VAi^. 

Proof. Hempel [2Tj proved that if M is a 3-manifold satisfying the Geometrization 
Conjecture, then ttiM is residually finite. Thus Perelman's work implies that every 
group in M.^ is residually finite. But a virtually residually finite group is residually 
finite. □ 

Proof of Corollarv \5.Sl By Lemma 15. 4[ Ad^ is recursively enumerable. Note that 
AM3 = Ms n VAM3, so we may set Xy\M3,VAM3 — Ai^. On the other hand, by 
Theorem lS.l) the complement VAM^ \ AAis consists precisely of those groups in 
VAAis with torsion. Because every element of VAAi^ is residually finite, we may 
set yAMs.VAMa = , which is recursively enumerable by Lemma 15.31 □ 

Thus, in order to prove that (some recursive subset of) AAiz is recursive modulo 
the word problem, it often suffices to prove that (some recursive subset of) VAM.3 
is recursive modulo the word problem. 

5.1. The Haken, non-Seifert-fibred case. 

Definition 5.6. An extension l^K-^G^Q^lis effective if the induced 
map Q — > OvLt{K) is injective. 
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We shall denote the centralizer of K m G by Zg{K), and the centre of G by 
Z{G). 

Lemma 5.7. Let 

1^ K — >G — ^ Q 1 
be an extension. If Zq{K) C K then the extension is effective. 

Proof. Suppose g d G acts on K as conjugation by fco. Then k^^g G Zg{K), so 
g € K. This shows that Q = G/K injects into Out{K), as required. □ 

Lemma 5.8. Let 

1^ K — >G — >Q ^1 

be an extension. If 

(1) ZiK) = I, 

(2) Q is finite and 

(3) G is torsion-free 
then the extension is effective. 

Proof. Let tt : G — ?> Q be the quotient map. By ([T]), tt is injective on Zg{K). Hence 
Zg{K) is finite by ([2]) and so, by trivial. It now follows from Lemma [5.71 that 
the extension is effective. □ 

Here is a theorem of Zimmermann. 

Theorem 5.9. |431 Satz 0.2] Let M he a closed orientahle Haken Z-manifold, and 
E a torsion-free effective extension 

I -J> TTiM E ^ F 

with F finite. Then E ^ ttiA/*, where M* is some closed irreducible i-manifold^ 

Corollary 5.10. Suppose G is a torsion-free group and Gq < G is a finite-index 
subgroup of G isomorphic to ttiM for M closed, orientahle, Haken, and not Seifert 
fibred. Then G is the fundamental group of a closed 3-manifold. 

Proof. By passing to a further finite-index subgroup, we may suppose Go is normal. 
There is a short exact sequence 

1 -> Go ^ G ^ F ^ 1 

where F — G/Gq is finite. Since M is not Seifert fibred, Z{Go) is trivial. Lemma 
I5.8l implies that the extension is effective. Theorem 15 .91 then gives the corollary. □ 

5.2. The hyperbolic case. To deal with the hyperbolic case, we will use a well 
known consequence of Mostow Rigidity. 

Theorem 5.11 (Mostow Rigidity). Let M be a hyperbolic n-manifold of finite 
volume, for n > 3. Then every outer automorphism of ttiM is realized by an 
isometry of M . 

Corollary 5.12. Suppose G is a torsion-free group and Gq < G is a finite- 
index subgroup of G isomorphic to ttiAI for M a closed, orientable, hyperbolic 
m-manifold. Then G is the fundamental group of a closed m-manifold. 



A further sentence reads: "If M* is not Haken, then it is either Seifert fibred or hyperboUc", 
but we don't need this. 
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Proof. Again, we may suppose that Go is normal and we have an extension: 

(1) l^Go^G^F^l. 

Lemma 15.81 imphes that the extension is effective. Mostow Rigidity imphes that 
the outer action of F on Go is induced by an isometric action of F on the hyper- 
bohc manifold M. The quotient by this action is an orbifold O, whose (orbifold) 
fundamental group fits into an exact sequence 

(2) 1 ^ Go ^ TTiO ^ F ^ 1. 

The outer actions of F on Go are the same in ([T|) and ([2]). Since Z{Go) is trivial, 
this implies that the extensions are equivalent and so G = ttiO (see, for instance, 
[TDi IV. 6. 8]) . If TTiO is torsion- free then the singular set of O is empty, and so O 
is a manifold. □ 

5.3. Seifert fibred manifolds. The following lemma will be useful. 

Lemma 5.13. Suppose G fits into an exact sequence 

1^ Z ^G^ TTlO 1 

where O is a closed 2-orbifold of non-positive Euler characteristic and Z is infinite 
cyclic. Then G is the fundamental group of a Seifert fibred space if and only if G 
is torsion-free. 

The hyperbolic case is Lemma [5.151 below . and the Euclidean case is Lemma r5.20l 
below. The proof in the Euclidean case is similar to the proof in the hyperbolic 
case, but slightly more delicate. 

5.3.1. Hyperbolic base. For the case of M a Seifert fibred manifold with hyperbolic 
base, we apply the Convergence Group Theorem of Tukia, Gabai and Casson- 
Jungreis [11 [HI HI]- 

Theorem 5.14. Suppose that a group Q is quasi-isometric to H^. Then there is a 
short exact sequence 

1 ^ F ^ Q ^ 1 
where F is finite and T is a cocompact Fuchsian group. 

The next lemma is the hyperbolic case of Lemma 15.131 

Lemma 5.15. Suppose G fits into an exact sequence 

1 ^ Z ^ G ^ TTlO ^ 1 

where O is a closed, hyperbolic 2-orbifold and Z is infinite cyclic. Then G is the 
fundamental group of a Seifert fibred space if and only if G is torsion-free. 

Proof. If G is the fundamental group of a Seifert fibred space M with hyperbolic 
base, then M is an aspherical manifold so G is torsion-free. We will now prove the 
converse. 

Let TT : G — > ttiO be the quotient homomorphism and let a; : ttiO — > Aut(Z) = 
Z/2 be the induced action of ttiO on Z. By Selberg's Lemma, there is a torsion- free 
normal subgroup ttiE of ttiO contained in kerw, where S is a closed, orientable, 
hyperbolic surface that covers O. Let K = 7r^^(7riS), which fits into the short 
exact sequence 

1 ^ Z ^ K ^ TTlS 1. 
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Let F = G/K = ttiO/tti'S. Then K is isomorphic to the fundamental group of 
a circle bundle over S, which we shall denote by M. Because S is orientable and 
TTiE acts trivially on Z, M is orientable. Furthermore, M is Haken because S is 
hyperbolic. 

If 5 e Zg{K) then TT{g) G Z-^^oi''^!^) = 1 so g G kervr = Z. This shows that 
^G(-f'^) Z C K, and so, by Lemma ISTTl the extension 

1 -> if ^> G ^ F ^ 1 

is effective. Therefore, it follows from Zimmermann's Theorem 15.91 that G is the 
fundamental group of a closed 3-manifold, which is necessarily Seifert fibred as G 
has an infinite cyclic normal subgroup. □ 

The next corollary is the main result of this subsection. 

Corollary 5.16. Suppose G is a torsion-free group and Go < G is a finite-index 
subgroup of G isomorphic to ttiM for M Seifert fibred with hyperbolic base orbifold. 
Then G is the fundamental group of a closed 3-manifold. 

Proof. Again we may assume that Go is normal. Because M is Seifert fibred with 
hyperbolic base, the fibre subgroup Zq is a characteristic infinite cyclic subgroup 
of Go so that Qo = Gq/Zq is cocompact Fuchsian. Since Zo is characteristic and 
Go is normal, Zo is also normal in G. Because Go has finite index in G, Qo is a 
cocompact Fuchsian subgroup of finite index in Q = G/Zo. Theorem 15.141 then 
implies that there is a short exact sequence: 

1 ^ F ^ Q ^ r ^ 1 

where F is cocompact Fuchsian. Let tt: G — > Q = G/Zo be the natural projection 
map. Then Z it^^{F) is a virtually infinite cyclic, normal subgroup of G. Since 
G is torsion-free, Z is infinite cyclic, and we have 

1^ Z ^G ^1. 

Lemma 15.151 now finishes the argument. □ 

5.3.2. Euclidean base. To deal with the case of a Euclidean base, we start with the 
following result, presumably known to Bieberbach, which serves as a replacement 
for the Convergence Subgroup Theorem in our arguments. 

Proposition 5.17. Suppose that G is a group with a finite- index subgroup isomor- 
phic to Z*^ for some k > 0. Then there is a short exact sequence 

1 -> F ^ G ^ F ^ 1 

where F is a finite group and F acts properly discontinuously and cocompactly on 

Proof. We may assume that the subgroup A isomorphic to iJ^ is normal, so we have 
a short exact sequence 

A^G^Q^l 

where Q is finite. Because wreath products contain all extensions [25], G can be 
regarded as a subgroup of the wreath product A I Q. By definition, the quotient 
group Q permutes the factors of the base B ~ ©^gg A = Z'"''^!. Therefore, A I Q 
acts properly discontinuously and cocompactly on E™, where m = k\Q\, and the 
base B is precisely the subgroup of pure translations. In particular, G acts properly 
discontinuously on E™, and A is the subgroup of pure translations. 
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Let V be the unique minimal v4-invariant vector subspace of E™ . Clearly V is 
the R-span of the A-orbit of the origin. We claim that V is in fact G- invariant. 
Indeed, let g e G and a G A. Then {ga).0 lies on the axis of gag~^. But gag~^ is 
a pure translation, so {ga).0 G V. It follows that gV = V, so V is G- invariant as 
claimed. 

We therefore have a properly discontinuous and cocompact action of G on V = 
E*^. The kernel F of this action intersects A trivially, and so maps injectively into 
Q. Therefore F is finite. □ 

The Euclidean case of the main result follows quickly in all dimensions. 

Corollary 5.18. Suppose G is a torsion-free group and Gq < G is a finite-index 
subgroup of G isomorphic to ttiM for M a closed, Euclidean m-manifold. Then G 
is the fundamental group of a closed, Euclidean m~manifold. 

Proof. By Bieberbach's Theorem, Gq has a subgroup of finite index which is iso- 
morphic to Z™. By Lemma 15.171 G acts properly discontinuously and cocompactly 
on E*^ with finite kernel; but G is torsion-free, so the kernel of the action is in fact 
trivial. Now O = E™/G is an m-dimensional orbifold. Because G is torsion-free, 
the singular set of O is empty, so O is a manifold. □ 

For the case of Nil-geometry, we will need the Euclidean analogue of Lemma 
15.151 First, however, we prove a useful fact about centralizers. 

Lemma 5.19. Let G be a group that acts properly discontinuously and cocompactly 
on E*^, let A be the finite-index subgroup of pure translations and let B be any 
subgroup of finite index in A. Then Zq{B) = A. 

Proof. Because A is abelian and contains B it is clear that A C Za{B). For the 
reverse inclusion, consider G G \ A. Suppose that r{g) is the rotational part of g. 
Then r{g) is of finite order, fixing some point xq S E*^. Suppose that g G Zc{B). 
We wish to prove that r{g) = 1. It is easy to see that g centralizes B if and only if 
r{g) does. Let S{xo) be the unit tangent sphere at xq- For any 6 G -B \ 1, let Zf, be 
the unique axis of b that passes through xq- Because r{g).li, — lr{g)br{g)-^i if ''(5) 
and b commute then r{g).lf, = 1^, and furthermore r{g) fixes pointwise. But the 
set of points 

U knsixo) 

is dense in S{xo) because B acts cocompactly on E'^. Therefore r{g) acts trivially 
on S{xo), and so r{g) = 1 and g G A, as required. □ 

We are now ready to prove the Euclidean case of Lemma 15.131 The proof is 
similar to the hyperbolic case, the main difference being that T, needs to be chosen 
more carefully. 

Lemma 5.20. Suppose G fits into an exact sequence 

Z ^G^ TTlO 1 

where O is a closed Euclidean 2-orbifold and Z is infinite cyclic. Then G is the 
fundamental group of an orientable Seifert fibred space if and only if G is torsion- 
free. 
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Proof. Just as in the proof of Lemma 15.151 if G is the fundamental group of a 
Seifert fibred space then it is torsion-free. We wih now prove the converse. 

Let TT : G — > ttiO be the quotient homomorphism and let w : ttiO — Aut(Z) = 
Z/2 be the induced action of ttiO on Z. Let A be the normal subgroup of finite 
index in niO consisting of pure translations and let ttiT, — kero; n A. Here S is 
a closed, orientable surface that covers O. Let K = 7r^^(7ril]), which fits into the 
short exact sequence 

Z ^ K ^ TTiE 1. 

Let F = G/K = ttiO/ttiS. Then K is isomorphic to the fundamental group of 
a circle bundle over E, which we shall denote by M. Because E is orientable and 
TTiE acts trivially on Z, M is orientable. Furthermore, M is irreducible because S 
is Euclidean. 

If 5 e ^^(iir) then we have that 7r((?) 6 ZT^-^oiT^i^) — A, where the last equality 
is given by Lemma r5.19l But it is also true that Tr{g) G kerw, because g € Zc{K) C 
Zg{Z). Therefore, 7r(g) G ttiE. This shows that Zg{K) C K, and so, by Lemma 
15.71 the extension 

l^K^G^F^l 
is effective. It now follows from Zimmermann's Theorem that G is the fundamental 
group of a closed 3-manifold, which is necessarily Seifert fibred as G has an infinite 
cyclic normal subgroup. □ 

The Nil-geometry case of the main result now follows as in the case of a hyperbolic 
base. 

Corollary 5.21. Suppose G is a torsion-free group and Go < G is a finite-index 
subgroup of G isomorphic to niM for M a 3-manifold with Nil geometry. Then G 
is the fundamental group of a closed 3-manifold. 

Proof. Again we may assume that Gq is normal. The fibre subgroup Zq is a char- 
acteristic infinite cyclic subgroup of Gq such that Qo = Go /Zq is the fundamental 
group of a closed, Euclidean 2-orbifold. Since Zq is characteristic and Gq is normal, 
Zq is also normal in G. Because Gq has finite index in G, Qo is the fundamental 
group of a closed, Euclidean 2-orbifold O and has finite index inQ = G/Zq. Propo- 
sition [STTT] then implies that there is a short exact sequence: 

l-^F->Q->r->l. 

Let tt: G Q — G/Zq be the natural projection map. Then Z := tt^^{F) is a 
virtually infinite cyclic, normal subgroup of G. Since G is torsion-free, Z is infinite 
cyclic, and we have 

1 ^ Z ^ G ^1 
where F = ttiO. Lemma l5 . 201 now finishes the argument. □ 

5.4. The general 3-dimensional case. The following is a consequence of the 
Geometrization Theorem. 

Proposition 5.22. Let M be an irreducible orientable 3-manifold with infinite 
fundamental group. Then at least one of the following holds: 

(1) M is Haken, and Z{tiiM) is trivial. 

(2) M is hyperbolic. 

(3) M is Seifert fibred with hyperbolic base orbifold. 

(4) M admits Euclidean geometry. 
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(5) M admits Nil geometry. 

Thus the result we want follows from the results to be proved in the previous 
four subsections. 

Proof of Theorem \5.1\ There are five cases to consider, by Proposition 15.23 The 
case of Haken M with Z{tiiM) = 1 follows from Corollary 15.101 The hyperbolic 
case follows from CoroUarv 15.121 The Seifert-fibred-with-hyperbolic-base-orbifold 
case is dealt with by Corollary 15.161 The Euclidean case is handled by Corollary 
15.181 The case of Nil geometry follows from Corollary 15.211 □ 

5.5. The 2-dimensional case. We also record here the 2-dimensional version of 
the theorem. 

Theorem 5.23. If T is a torsion-free group with a subgroup of finite index iso- 
morphic to TTiM, where M is a closed, aspherical 2-manifold, then T is also the 
fundamental group of a closed, aspherical 2-manifold. 

Proof. The case of Euclidean M is dealt with by Corollary |5.18[ so we may assume 
that M is hyperbolic. The proof is now exactly the same as the proof of Corollary 
15.121 with the Nielsen Realization Theorem used instead of Mostow Rigidity. □ 

6. Surface groups 

In this section, we prove that the classes of surface groups and aspherical surface 
groups are recursive modulo the word problem. We will use the fact, already noted 
in Section IH that free groups and the fundamental groups of closed, orientable 
surfaces are J^-limit groups. 

That the class of orientable surface groups is recursive modulo the word problem 
follows easily. 

Lemma 6.1. The classes AM.2 '^^'^ -^2 ^'''^ recursive modulo the word problem. 

Proof. By Corollary 14.261 it suffices to prove that is recursive in T. Groups in 
M.2 are determined by their abelianizations, so any limit group G is isomorphic to 
at most one possible orientable surface group F, and one can compute a presentation 
for r from a presentation for G. By the solution to the isomorphism problem for 
limit groups [TTl [T3], there is an algorithm to determine whether or not T = G. 
This completes the proof that J is recursive modulo the word problem. Because 
= {1} U AMt, the result also follows for AMt ■ □ 

Using Theorem l5.231 we can now improve this result to all surface groups. 

Theorem 6.2. The classes Ai2 md oltc recursive modulo the word problem. 

Proof. Because M.2 = {1,^/2} U AAi2 and the former is a finite class of abelian 
groups, it suffices to prove the theorem for AA42- 

By Lemma [Ol AM2 is recursive modulo the word problem, and so V2AM2 is 
also by Lemma [3.71 Evidently AA42 Q V2AM.2 ■ The theorem now follows from 
the claim that AAA2 is recursive in V2AM.2 ■ 

By the classification of surfaces, AM.2 is recursively enumerable, so we can set 

On the other hand, by Theorem 15.231 every group in V2AM.2 ^ AJ^2 has tor- 
sion. Because the groups in V2AM.2 are residually finite, it follows that we can 
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take yj(j^^ v-iAM^ class of groups with a homomorphisni that embeds 

a non-trivial cyclic subgroup into a finite quotient. This class of groups is re- 
cursively enumerable by Lemma 15.31 ^-nd only contains groups with torsion, so 
■yAM2 -^-^2 = 0- This proves that AM.2 is recursive in V2AM2 , and 

the theorem follows. □ 



7. Spherical geometry 

In this section, we will prove that SJ-j^,^, the class of fundamental groups of 
3-manifolds with spherical geometry, is recursive modulo the word problem. The 
fundamental tool is the following lemma. 

Lemma 7.1. //F G SJ-^^^ then F has a cyclic subgroup of index at most 240. 

Proof. Let T — ttiM where M is a spherical 3-manifold, which therefore is Seifert 
fibred with positive-Euler-characteristic base. By passing to a double cover, we can 
assume the base is orientable, hence a sphere with at most 3 cone points. If there 
are 2 or fewer, this cover is a lens space and has cyclic fundamental group. If there 
are 3, then the base orbifold is S*^ modulo a subgroup of a tetrahedral, octahedral, 
or icosahedral group. Thus the fundamental group of the base has order at most 
120. Passing to a cover where the base orbifold is S"^, we get a lens space again. 
Since M has a lens space cover of degree at most 240, F has a cyclic subgroup of 
index at most 240. □ 



Let TC be the class of finite cyclic groups. Note that J-C is a recursive subset of 
A, and hence is recursive modulo the word problem. 

Theorem 7.2. The class SJ-+^^ is recursive modulo the word problem. 

Proof. We have that 

and the latter class is recursive modulo the word problem. It remains only to prove 
that iS7^+.^ is recursive in V24:qJ-C. Since any 3-manifold with finite fundamental 
group is in ST+^^, we can take 

It remains to define ysT+ i^ynaJ^c- The point here is that, for each rt, the sets 

V24o{Z/n} 

are uniformly recursive in V24o-7-'C. On the other hand, for each n, the intersection 
V24o{Z/'T-} n A^3 is a computable set of finitely many isomorphism classes |37| 
Theorem 4.11]. Since the isomorphism problem is solvable in the class of finite 
groups, the set 

3^S^+.^,V.40^C = U (V240{Z/n} \ Mz) = V240-^C X Mz 

is recursively enumerable. □ 
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8. 5^ X M GEOMETRY 

This case is very simple. 
Lemma 8.1. IfT — ttiM and M is a closed 3-manifold with S"^ x R geometry then 

r e {z,z X z/2,z/2*z/2} 

and each of these possibilities is realized. 

Proof. See, for instance, [37] ■ ^ 
Lemma 8.2. We have 

ST+,^ = V2{Z} . 
Proof. Any F £ V2{Z} fits into a short exact sequence 

1 z r ^ z/2 ^ 1 . 

It is easy to see that any finite cychc subgroup of F embeds into Z/2. Therefore, 
either F is torsion-free, hence Z, or the sequence splits and F is isomorphic to either 
Z X Z/2 or the infinite dihedral group. The result now follows from Lemma l8Tl □ 

Theorem 8.3. The class 57-"+.= is recursive modulo the word problem. 

Proof. The class {Z} is a recursive subset of A and so is recursive modulo the word 
problem. Therefore SJ-+^= = V2{Z} is also recursive modulo the word problem. □ 

9. Euclidean geometry 
The following lemma will be useful. 

Lemma 9.1. If O is a closed, Euclidean 2-orbifold without corner reflectors then 
O has a cover of index at most 6 which is homeomorphic to a 2-torus. 

Proof. Any such O is on the list in Table 4.4 of [37]. By inspection, O has a covering 
space of degree at most 6 which is homeomorphic to a 2-torus □ 

Lemma 9.2. If AI is a closed, Euclidean 3-manifold then M has a cover of index 
at most 12 which is homeomorphic to a 3-torus. 

Proof. As explained in [37], ■niM fits into a short exact sequence 

1 ^ Z ^ TTlM TTlO 1 

where O is a closed 2-dimensional Euclidean orbifold without corner reflectors. 
By the previous lemma, O has a covering space S of degree at most 6 which is 
homeomorphic to a 2-torus. Passing to a further subgroup of index two, we may 
assume that the action of ttiE on Z is trivial. The corresponding covering space 
M' of M is therefore a circle bundle over a torus with trivial monodromy, which 
covers M with degree at most 12. Because M' is Euclidean, this bundle is actually 
a trivial bundle, so M' is homeomorphic to the 3-torus. □ 

Theorem 9.3. The class SJ-q,^ is recursive modulo the word problem. 

Proof. By Lemma [9.2[ SJ-q- C V24{Z'^}. The set {Z'^} is recursive modulo the 
word problem by Corollarv l4.19l Applying Lemma |3 . 71 with / equal to the constant 
function 12, Vi2{Z^} is recursive modulo the word problem. Since the word problem 
is uniformly solvable in VAd^ (Proposition 15. 5|) . and Vi2{Z^} C VAM3, the set 
Vi2{Z3} is recursive in VAM3. Moreover STq- = AM 3 DVui'Z^}. By CoroUary 
15.21 AM3 is recursive in VAM3 and so the result follows. □ 
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10. Nil GEOMETRY 

As in the Euclidean case, we can pass to a cover of bounded degree which is a 
genuine circle bundle. 

Lemma 10.1. If M is a closed 3-manifold with Nil geometry then M has a cover 
of index at most 12 which is homeomorphic to an orientahle circle bundle over a 
2-torus. 

Let Bq be the class of fundamental groups of orientable circle bundles over the 
2-torus, and let ^ be the subclass consisting of the fundamental groups of those 
bundles with Nil geometry. The elements of are the groups with presentations 

Fe — (a, 6, z I [a,h]z~'^ , [a,z\, [6, z]) 

where e G N is the Euler class of the bundle. Because 

Hi{T^) = 1? Y. Z/e 

the Euler class e can be computed from the abelianization. 
The main point is to prove the following. 

Lemma 10.2. The classes Bq_^ and B^ are recursive modulo the word problem. 

Proof. First, note that Bq C J^2, the set of 2~nilpotent groups. Furthermore, Bq — 
{Z"^} U B'^_^. Segal proved that the isomorphism problem is decidable in virtually 
polycyclic groups, in particular in A/fe for any k. Therefore, {Z'^} is recursive in 
7V2, and hence it suffices to prove that Bq is recursive in A/2. By the previous 
paragraph, a group G with a presentation in f\f2 can be isomorphic to at most one 
Fe, and that e is computable from a presentation for G. Because the isomorphism 
problem is solvable in A/2 by [38], the result follows. □ 

The proof of the theorem is then similar to the Euclidean case. 

Theorem 10.3. The class SJ-q,^ is recursive modulo the word problem. 

Proof. By Lemma [10.11 and Corollarv l5.2[ we have that 5J^o,/ = ^12-60,74 ri AM.z- 
By Lemmas 110.21 and 13. 7[ the class V12BQ,-/, is recursive modulo the word problem. 
In particular, it is recursive in VAM.^. As AMz is also recursive in VAM.3, so is 
the intersection SJ-q,^. It follows fLemma l3.2l (|2|)) that the set SJ-q^^ is recursive 
in Vi2Bo,^. As Vi2Bo,^ is recursive modulo the word problem, so too is SJ-q,^, 
using Lemma [331 □ 

11. Sol GEOMETRY 

The goal of this section is to prove that SOC is recursive modulo the word 
problem. Let TB^i be the set of orientable 2-torus bundles over the circle. As in 
the previous cases, we use an explicit upper bound on the degree of a torus-bundle 
cover. 

Lemma 11.1. If M is a closed 3-manifold with Sol geometry then M has a cover 
of index at most 8 which is homeomorphic to an orientable torus bundle over a 
circle. 



22 



DANIEL P. GROVES, JASON FOX MANNING, AND HENRY WILTON 



Proof. The fundamental group of M is a lattice in Isom(Sol), the isometry group 
of Sol; Sol is naturally identified with the identity component of Isom(Sol), and has 
index 8 [371 P- 476]. There is a short exact sequence 

1 ^ ]R2 ^ Sol ^ R 1 

(see [37l p. 470]), and it follows that ttiA/ n Sol is the fundamental group of an 
orientable torus bundle. □ 

We use a structural theorem of Bieri-Strebel [71 Theorem C] . 

Theorem 11.2. Every finitely presented abelian-hy- cyclic group G is an ascending 
HNN extension of a finitely generated abelian group A. Furthermore, G is poly cyclic 
if and only if the endomorphism is an isomorphism. 

Remark 11.3. The 'only if part of the above theorem is not contained in [3, but 
it is proved in [S]. 

Consider ABC, the class of abelian-by-cyclic groups, ^2 the class of metabelian 
groups and 7\4({Z}) the class of groups with abelianization isomorphic to Z. (Recall 
that in each of these cases we really mean just those finite presentations giving a 
group with the given properties.) Note that J^^dZ}) is recursive. 

Lemma 11.4. We have ABCr\J-j\^{{'L\) = 52nJ\4({Z}) and this class is recursive 
modulo the word problem. 

Proof. Because ABC C one direction of the equality is immediate. On the other 
hand, any group in 52 H 7\4({Z}) is clearly abelian-by-cyclic. 

The class J\4({Z}) is recursive and ABC is recursively enumerable by the Bieri- 
Strebel theorem 111.21 On the other hand, let D be a class of groups in which 
the word problem is uniformly solvable. For any group G, the metabelianization 
G/G'^'^^ has a natural recursive presentation. Because the word problem is uniformly 
solvable for metabelian groups (see eg [U Theorem 2.1]), a solution to the word 
problem in G provides a partial algorithm that finds non-trivial elements of the 
kernel of the natural map G G/G(2). Therefore, there is a partial algorithm that 
confirms membership of 2? \ 52. The result follows. □ 

Theorem 11.5. The class SOC is recursive modulo the word problem. 

Proof. Because SOC C Vs{SOC n TBli), it suffices to prove that SOC n TB^i 
is recursive modulo the word problem. By the previous lemma, it suffices to show 
that SOCnTBli is recursive in ABCHTaH'^}). For a group G G ABCDTaHI}), 
the decomposition of G as an ascending HNN extension is unique, and a non- 
deterministic search will find it. The class SOC fl TB^i consists of precisely those 
groups for which A = 1? and is an isomorphism of order greater than 6 (implying 
infinite order). As both of these are decidable, the result follows. □ 

12. SeIFERT fibred manifolds WITH HYPERBOLIC BASE ORBIFOLD 

Similarly to the results above, we approach SJ--^= and SJ-^^^ via the related 
classes B-- and B-^^ of circle bundles over orientable surfaces with zero and 
non-zero Euler numbers respectively. Adapting the above techniques, we can use 
algebraic geometry over free groups to prove that i3_.= is recursive modulo the 
word problem. Although every Seifert fibred manifold has a finite-sheeted cover- 
ing space that is a circle bundle, the degree of the covering map is not bounded 
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independently of the manifold. We will prove that the index of this subgroup is, 
however, computable, using an effective version of Selberg's Lemma. 

12.1. Circle bundles. Let CAS be the class of finitely presentable central exten- 
sions of fundamental groups of closed, orientable, hyperbolic surfaces. 

Lemma 12.1. Let 

1 ^ A ^ G ^ ^ 1 
be a central extension. If G is finitely generated and Q is finitely presented then A 
is finitely generated. 

Proof. Fix a generating set X for G and let {X \ R{X)) be a finite presentation for 
Q. Let {Y I S{Y)) be a (not necessarily finite) presentation for A, and choose a set 
of representative words Y{X) to define a choice of map of free groups Fy — >■ Fx- 
Thinking of R{X) as a subset of the free group Fx, we have by hypothesis that 
R{X) C {{Y{X))). Of course A = {Y{X)) is normal, so C and we 

may choose words R{Y) such that R(Y{X)) — R{X). The following is now easily 
checked to be a presentation for G. 

C^iX I S{Y{X)) = 1, R{Y{X)) = R{X)) 

Because Q is finitely presented, only finitely many elements of Y appear in the 
words R{Y). Let F' C y be the set of all words that appear. Adjoining the 
relations Y'{X) = 1 to G defines the quotient map G — > Q, so the elements of G 
defined by Y'{X) normally generate A. But A is central in G, and so Y' is a finite 
generating set for A. □ 

The following is an immediate consequence. 

Lemma 12.2. The set CAS is recursively enumerable. 

An easy argument characterizes factor sets (over free groups) of elements of C^iS. 

Lemma 12.3. // F e CAS then Ff(F) C {i7i(F; Z), ttiS} for S some closed, 
orientable, hyperbolic surface. 

Lemma 12.4. The set CAS is recursive modulo the word problem. 

Proof. By Corollary 14.251 the set of presentations of groups with J^-factor sets 
consisting of the abelianization and a single map to a closed, orientable, hyperbolic 
surface group is recursive, so we may reduce to this case. Thus, we only need to 
consider groups G equipped with a given canonical epimorphism G — > ttiS. 

Suppose now that the word problem is uniformly solvable in T>. By the above 
lemma, we can set Xca(itiY.),v — CA{t:iTj). The set 3^c>t(7riS),r> consists of all 
presentations for groups G such that word problem in T) confirms that the canonical 
homomorphism G — > ttiS has non-abelian kernel. □ 

Theorem 12.5. The set and B-_^ are both recursive modulo the word prob- 

lem. 

Proof. A systematic search using Tietze transformations will exhibit the isomor- 
phism type of the centre of a group in CAS. In particular, CIS, the set of central 
extensions of surface groups by infinite cyclic groups, is recursive in CAS. But 
B-^=UB-^^ — CIS. Finally, note that the Euler number of the bundle is exhibited 
by the abelianization. □ 
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12.2. Selberg's Lemma. In this section, we summarize the proof of Selberg's 
Lemma (in the characteristic zero case), roughly foUowing Alperin [3]. 

Theorem 12.6 (Selberg's Lemma). Let A be a finitely generated integral domain 
of characteristic zero. Then GLn{A) has a torsion-free subgroup of finite index. 

We start with a presentation oi A as A = Z[2C\/I for I some radical ideal. Let 
K be the field of fractions of A. By standard theory, K is an algebraic extension 
(of degree d, say) of the purely transcendental field extension k — Q{U_) (where U_ 
can be identified with a subset of JQ- Let {bi, . . . , bd} be a basis for K over k. For 
each Xi G X \ U, write 



where fij,gij S Z[C/]. Let B = Z[£/][ j-j ^ g.. ]- Then we have a natural embedding 

A ^ GLd{B) C GLrf(fc) 

and hence a natural embedding 

GL„(A) GL^d{B) ^ GL^k) • 

Therefore, it suffices to prove Selberg's Lemma for the finitely generated subring B 
of fc, a purely transcendental extension of Q. 

Lemma 12.7. If a € GLnd{k) is of finite order then the trace of a is an integer 
of absolute value at most nd. Furthermore, it is equal to nd if and only if a is the 
identity. 

Proof. The minimal polynomial of a divides X™ — 1 for some m, so every eigenvalue 
of a is a root of unity. Therefore, the trace of a, which is the sum of the eigenvalues, 
has absolute value at most nd, with equality only if a is a scalar matrix. On the 
other hand, the trace is a sum of algebraic integers, and hence is itself an algebraic 
integer. But the algebraic integers in k are precisely Z, and so the trace is an 
integer. □ 

Proof of Selberg 's Lemma. By the above discussion, it suffices to prove the result 
for a group GLnd{B) for B some finitely generated subring of k. Because _B is a 
Jacobson ring [1^ Theorem 4.19], there is a maximal ideal m that does not contain 
{2nd)\. Consider the natural reduction homomorphisms 

77 : GLUB) ^ Gi„d(B/m) . 

If a is nontrivial but of finite order then, by the previous lemma, tr ri{a) ^ nd 
and so a ^ kerr/. Therefore, kerr/ is the required torsion-free subgroup of finite 
index. □ 

We can enumerate finite fields, and it is therefore immediate that, given a presen- 
tation for B, we can search for suitable maximal ideals mi C B. The computational 
difficulty, therefore, is to compute d and B given A. 

Theorem 12.8 (Effective Selberg's Lemma). There is an algorithm that takes as 
input a presentation for a finitely generated integral domain A and an integer n and 
outputs an integer N with the property that GLn (A) has a torsion-free subgroup of 
index at most N . 
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Proof. Let A be presented as As mentioned above, the main difficulty is 

to compute d and a presentation for B. First, the DIMENSION algorithm from [S] 
will find U_Q 2£.- The remaining Xi ^ U_ are all algebraic, and so a naive search will 
eventually find polynomials hi over k satisfied by the Xi. This provides a spanning 
set for K over fc, given by powers of Xi ^ U_. Now standard linear algebra over k 
reduces this spanning set to a basis {61, . . . , bd}- 

A non-deterministic search will express the remaining Xi in terms of the bj , and 
hence compute gij. One can now write down a presentation for B. Because B is 
a Jacobson ring, there is a maximal ideal m such that {2nd)\ ^ m as above, and a 
non-deterministic search will eventually find m. Now N — \GLnd{B /m)\. □ 

12.3. The PS'L2(C)-representation variety. The PS'L2C-representation variety 
of a group r is defined, as a set, by 

R{r) = Hom(r, PSL2C) . 

It can be given the structure of a complex variety by exhibiting PSL2{C) as an 
algebraic group over C. For completeness, we do so in the following lemma. 

Lemma 12.9. PSL(2,C) is an algebraic group over C. 

Proof. We use the image in SL{3, C) of SL{2, C), using the second symmetric power 
of the standard representation: 

ab 6^ 
2ac ad + be 2bd 



(3) 



ed 



Note that p is well-defined on all of AI2C We claim that p{SL{2, C)) is equal to 
the following set: 



(4) V={ 



M = 



f 
i 
I 



9 
j 

m 



- Aek 
P-eg 
m - hj 



j- - 4gm = 
, P — km, - 

, 2li — hm — kj 
i^ — em ~ gk — 2fl — 0, 
em + gk — 2fl — 1, 
det Af = 1 



That p{SL{2, C)) is contained in V is easily checked. The equations with right 
hand side equal to pick out p(M2(C)), so every element of V is p{A) for some 
a b 



A = 



The equation em + gk — 2fl = 1 forces (det^) = 1, while the 



equation detM = 1 forces (det A)'^ = 1, so dot A = 1. 
Finally, it is easy to check that kerp n SL{2, C) = 



□ 



The PSL{2, C)-representation variety of F = (xi, . . . , x„ | ri, . . . Ts) is thus an 
algebraic subset of C^", defined by a collection of 9n polynomials coming from (|4|) 
together with 9s polynomials coming from the relations. 

Let V be an algebraic component of R(r). Each 7 S F naturally defines an 
evaluation map ev-,, : V PSL2 (C) . The coordinates of this map are polynomial, 
and the map 7 1— >■ ev.^ defines the tautological representation py : F — ^ PSL2{C[V]). 

Lemma 12.10. Suppose F fits into a short exact sequence 

1 ^ (z) ^ F A F -> 1 
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where F is a Fuchsian group. There is a component V of R{T) such that ker pv = 
(z). 

Proof. Let a : F ^ PSL2{C) be a Fuchsian representation of F, let p ^ a o p and 
let V be an algebraic component of R(T) containing p. 

The representation p has an analytic neighbourhood in R(T) in which every 
representation is non-abelian, and hence on which ev^ = 1. This is a polynomial 
equation, so evz = 1 on the whole of V and hence pv{z) — 1. Therefore, (z) C 
ker pv ■ 

Conversely, suppose 7 ^ (z). Then ^(7) 7^ 1, so ev^(p) ^ 1 and hence pv{j) ^ 
1. □ 

Lemma 12.11. There is an algorithm that takes as input a finite presentation for 
a group T and outputs a list of presentations for the polynomial rings C[Vi\, where 
{Vi} are the irreducible components of R{T). 

Proof. The algorithm starts by using the presentation to compute a set of variables 
X ~ {Xi, . . . ,Xd} and polynomials fi(X) E 1'[2L] such that the zero-set of the fi 
in is the representation variety R{T). 

The next step is to decompose R{T) into irreducible components Vi by decom- 
posing (/) into primary ideals pi. For each i, we then need to compute the radical 
of Pi. Both of these steps are performed by the algorithm PRIMDEC [5, p. 396] □ 

Theorem 12.12. There is an algorithm that takes as input a finite presentation 
for a group T and outputs an integer N{T) with the following property: ifV fits into 
a short exact sequence 

l^C ^ F 

where F is a Fuchsian group and C is infinite cyclic, then T has a subgroup of index 
at most N{T) that is a central extension of a surface group. 

Proof. Use the algorithm of the previous lemma to compute the defining ideal of 
C[l^]. For each of these, apply the Effective Selberg's Lemma to compute an integer 
Ni such that pvi(r) has a torsion-free subgroup of index at most Ni, and set N{T) 
to be the maximum of the Ni . By Lemma 112.101 there is an i such that ker py. 
is equal to C. Thus there is a subgroup of index at most maxjA^i} which is the 
fundamental group of a circle bundle over a surface, and therefore a subgroup of 
index at most 2Taax{Ni} which is a central extension of a surface group. □ 

We are now ready to prove the main theorem of this section. 

Theorem 12.13. The sets SF and ST are recursive modulo the word prob- 
lem. 

Proof. We give the proof for SJ--,=; the proof for SJ--,^ is identical. Let VnB-- 
denote the class of presentations P with a subgroup of index at most N{P) in 
where N{P) is the computable function given by Theorem 112.121 Since 
B-^= is recursive modulo the word problem fTheorem ll2.5l) and is a computable 
function of P, the class VjvS__= is recursive modulo the word problem (Lemma 

It remains to show that SF-,= is recursive in Vn13-^=. But ST-- — VnB-^= fl 
Mz and its complement VnB-,= \ SF^,= C TT. Since Mz and FT are both 
recursively enumerable f Lemmas 15.41 and I5.3p . the result follows. □ 
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13. The hyperbolic case 

In this section, we prove that % is recursive modulo the word problem. The 
argument here is based on the argument of [3D]. 

Lemma 13.1. % is recursively enumerable. 

Proof. As noted in the proof of I5.4[ the collection of triangulations of closed 3- 
manifolds is recursively enumerable. From each triangulation, we can obtain a 
presentation of its fundamental group. The word problem is uniformly solvable 
in the presentations so obtained, by Proposition 15.51 The main theorem of [30] 
then implies that we can distinguish the hyperbolic manifolds in this list from the 
non-hyperbolic ones. 

Performing Tietze transformations on the presentations coming from triangula- 
tions of hyperbolic manifolds yields the desired enumeration. □ 

Remark 13.2. Here is an alternate way to divide closed triangulated 3-manifolds 
into hyperbolic and non- hyperbolic, without reference to the word problem. (See 
[HI Section 1.4] or [23] for more detail.) Starting with a triangulated 3-manifold 
M, use normal surface theory to find a collection of 2-spheres decomposing M 
into irreducible 3-manifolds iVi, . . .Nm [M] Section 7]. If any are nonseparating, 
then M is not hyperbolic. Assuming the spheres are all separating, one checks 
whether each Ni is homeomorphic to a 3-sphere [35l[40]. If every Ni = S^, then 
M = S^, and is not hyperbolic. If 2 or more Ni are not S^, then M is a nontrivial 
connect sum, and is not hyperbolic. So assume that exactly one Ni ^ S^. We 
then split M into simple and characteristic submanifolds [221 Section 8]. If this 
decomposition is nontrivial, then M is not hyperbolic. If this decomposition is 
trivial, the Geometrization Theorem implies that M is either hyperbolic or Seifert 
fibred. Tao Li in [26j gives an algorithm which determines whether or not M is 
Seifert fibred. 

Lemma 113.11 implies that for any collection V of presentations with uniformly 
solvable word problem, we may take AV^.p = H. It remains to describe J^-h,!?- 

Here is a sketch: We begin with some enumeration of Let G be the group pre- 
sented by a presentation V. We construct a finite list of candidate representations 
of G into SL{2,C) with the property that if G is a closed hyperbolic 3-manifold 
group, then pi must be discrete and faithful for some i (Lemma 113. 4p . We then 
use the uniform word problem for P as part of a procedure to certify that none of 
these representations is a discrete faithful representation of a closed hyperbolic 3- 
manifold group. (This procedure may produce a "fake certificate" for presentations 
in "H \ P, but the behaviour of our algorithm on \ 2? is irrelevant.) 

Definition 13.3. Say that a representation p: G ^ SL{2,C) is DFIL if it is 
discrete and ix{p{g)) £ C \ [~2,2] for all 5 7^ 1. (DFIL stands for "discrete and 
faithful with irreducible, all-loxodromic image".) 

13.1. Finding the representations. The algebraic closure of the rationals is de- 
noted Q. Note that an element of Q can be represented by a finite amount of data, 
exact arithmetic can be done in Q, and that inequalities between elements of QflM 
can be decided. (See [30l Section 2.1] for more details.) 

A representation p: G ^ SL{2,C) is rigid if any nearby representation is con- 
jugate. An irreducible rigid representation projects to an isolated point of the 
SL{2, C)-character variety of G. 
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Say a representation p: G ^ SL{2,C) is algebraic if its image lies in SL{2,Q). 
Such a representation can be specified using a finite amount of data. A represen- 
tation of V = (xi, . . . ,Xn I ri{xi, . . . , a;„), . . . , rs{xi, . . . , Xn)) is a list of n matrices 
Ai, . . . , An so that ri{Ai, . . . , An) = I for each i between 1 and s. If P is a presen- 
tation for G, then a representation of G determines one for V, and vice versa. We 
will blur the distinction, but this leads to no errors: In the algorithms we discuss, 
we always operate on a particular presentation, and never on an abstract group. 

The following is a restatement of Lemma 2.1 of |30) . with the unused assumption 
that G is a 3-manifold group removed. 

Lemma 13.4. There is an algorithm which takes as input a finite presentation V 
of a group G and outputs a finite list of rigid algebraic representations of V. If G 
is the fundamental group of a closed orientable hyperbolic 3-manifold, then some 
representation on this list is DFIL. 

Proof. See the proof of [301 Lemma 2.1]. The idea is to use computational algebraic 
geometry to construct a sub-variety of the representation variety whose isolated 
points are rigid representations of G, and so that any irreducible rigid representation 
is conjugate to one of these isolated points. □ 

13.2. Rejecting a representation which is not DFIL. Section 3 of [30] con- 
tains a proof that there is an algorithm which will stop if a given algebraic represen- 
tation of a closed 3-manifold group with solvable word problem fails to be DFIL. 
In fact, the proof does not use that the group is a 3-manifold group. We therefore 
have 

Theorem 13.5. There is an algorithm which takes as input a finite presentation 
V , a solution to the word problem in V , and an algebraic representation p of V , 
and terminates if and only if p is not DFIL. 

Proof. See the proof of 30, Theorem 3.6]. The key to the proof is that a represen- 
tation which is not DFIL must satisfy one of the following: 

(1) p has nontrivial kernel. 

(2) yO is a reducible representation; i.e., some direction in CP^ is fixed by all 
the matrices p{xi), where generator from V . 

(3) p{g) is a nontrivial parabolic or elliptic for some g € G. 

(4) p{G) fails to satisfy the Margulis lemma. Put another way, there are a pair 
of matrices in piG) which move some point in H'^ a very small distance, 
but whose commutator is nontrivial. 

The arguments in Section 3 of [30] establish that the failure of any of these condi- 
tions is algorithmically detectable, given a solution to the word problem in V, and 
the ability to do exact computations in the codomain of p. □ 

13.3. H is recursive in V. 

Theorem 13.6. The set T-i is recursive modulo the word problem. 

Proof. Let V be any class of presentations with uniformly solvable word problem. 
We must find recursively enumerable sets X-u^v and Y'u,'d whose intersections with 
T> partition T> into T> nV. and its complement. 
Lemma 1 1 3 . 1 1 implies we may take X-u^t> — "H. 
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We now describe the Turing machine enumerating Yu^t>- Enumerate the ele- 
ments of U. For each presentation in U, compute the hst of representations guar- 
anteed by Lemma 113.41 In parallel, run the algorithm from Theorem 1 1 3 . 5 1 on each 
such representation produced, trying to certify the representation is not DFIL. If 
this algorithm terminates for all the representations associated to a particular pre- 
sentation, then output that presentation. This procedure will eventually produce 
every element of 2? \ 7i, and will produce no elements of 2? fl 'H, so the theorem is 
proved. □ 



References 

[1] S. I. Adyan. Algorithmic unsolvability of problems of recognition of certain properties of 

groups. Dokl. Akad. Nauk SSSR (N.S.), 103:533-535, 1955. 
[2] S. I. Adyan. Unsolvability of some algorithmic problems in the theory of groups. Trudy 

Moskov. Mat. Obsc., 6:231-298, 1957. 
[3] R. C. Alperin. An elementary account of Selberg's lemma. Enseign. Math. (2), 33(3-4):269— 

273, 1987. 

[4] G. Baumslag, F. B. Cannonito, and D. J. S. Robinson. The algorithmic theory of finitely 
generated metabelian groups. Trans. Amer. Math. Soc, 344(2):629-648, 1994. 

[5] T. Becker and V. Weisspfenning. Grobner Bases: A Computational Approach to Commuta- 
tive Algebra. Springer- Verlag, New York, 1993. 

[6] L. Bessieres, G. Besson, S. Maillot, M. Boileau, and J. Porti. Geometrisation of 3-manifolds, 
volume 13 of EMS Tracts in Mathematics. European Mathematical Society (EMS), Ziirich, 
2010. 

[7] R. Bieri and R. Strebel. Almost finitely presented soluble groups. Comment. Math. Helv., 
53(2):258-278, 1978. 

[8] R. Bieri and R. Strebel. Valuations and finitely presented metabelian groups. Proc. London 

Math. Soc. (3), 41(3):439-464, 1980. 
[9] M. R. Bridson and H. Wilton. Profinite decision problems. In preparation, 2012. 
[10] K. S. Brown. Gohomology of groups, volume 87 of Graduate Texts in Mathematics. Springer- 

Verlag, New York, 1994. Corrected reprint of the 1982 original. 
[11] I. Bumagin, O. Kharlampovich, and A. Miasnikov. The isomorphism problem for finitely 

generated fully residually free groups. J. Pure Appl. Algebra, 208(3):961-977, 2007. 
[12] A. Casson and D. Jungreis. Convergence groups and Seifert fibered 3-manifolds. Invent. 

Math., 118(3):441-456, 1994. 
[13] F. Dahmani and D. Groves. The isomorphism problem for toral relatively hyperbolic groups. 

Publ. Math. Inst. Hautes Etudes Sci., 107:211-290, 2008. 
[14] M. Dehn. Uber unendliche diskontinuierliche Gruppen. Math. Ann., 71(1):116-144, 1911. 
[15] D. Eisenbud. Commutative algebra, volume 150 of Graduate Texts in Mathematics. Springer- 

Verlag, New York, 1995. 

[16] F. T. Farrell. The Borel conjecture. In Topology of high- dimensional manifolds, No. 1, 2 
(Trieste, 2001), volume 9 of ICTP Lect. Notes, pages 225-298. Abdus Salam Int. Cent. 
Theoret. Phys., Trieste, 2002. 

[17] D. Gabai. Convergence groups are Fuchsian groups. Ann. of Math. (2), 136(3):447-510, 1992. 

[18] D. Groves, J. F. Manning, and H. Wilton. Recognizing 3-manifold groups. In preparation, 
2012. 

[19] D. Groves and H. Wilton. Enumerating limit groups. Groups Geom. Dyn., 3{3):389-399, 
2009. 

[20] V. Guirardel. Limit groups and groups acting freely on R"-trees. Geom. Topol., 8:1427—1470 
(electronic), 2004. 

[21] J. Hempel. Residual finiteness for 3-manifolds. In Combinatorial group theory and topology 

(Alta, Utah, 1984), volume 111 of Ann. of Math. Stud., pages 379-396. Princeton Univ. 

Press, Princeton, NJ, 1987. 
[22] W. Jaco and J. L. ToUefson. Algorithms for the complete decomposition of a closed 3-manifold. 

Illinois Journal of Mathematics, 39(3):358-406, 1995. 
[23] W. H. Jaco. The homeomorphism problem: Classification of 3-manifolds, 2005. Lecture series, 

slides available at http: //cauchy .math. okst ate . edu/- jaco/pekinglectures .htm 



30 



DANIEL P. GROVES, JASON FOX MANNING, AND HENRY WILTON 



[24] O. Kharlampovich and A. Myasnikov. Irreducible affine varieties over a free group. I. Ir- 
reducibility of quadratic equations and NuUstellensatz. Journal of Algebra, 200(2):472— 516, 
1998. 

[25] M. Krasner and L. Kaloujnine. Produit complet des groupes de permutations ct probleme 

d'extension de groupes. III. Acta Sci. Math. Szeged, 14:69-82, 1951. 
[26] T. Li. An algorithm to find vertical tori in small Seifert fiber spaces. Comment. Math. Helv., 

81(4):727-753, 2006. 

[27] F. Luo, S. Tillmann, and T. Yang. Thurston's spinning construction and solutions to the 

hyperbolic gluing equations for closed hyperbolic 3-manifolds. Preprint, arXiv: 1004.2992 
[28] R. C. Lyndon and P. E. Schupp. Combinatorial group theory. Springer- Verlag, Berlin, 1977. 

Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 89. 
[29] G. S. Makanin. Decidability of the universal and positive theories of a free group. Izvestiya 

Akademii Nauk SSSR. Seriya Matematicheskaya, 48(4):735 — 749, 1984. 
[30] J. F. Manning. Algorithmic detection and description of hyperbolic structures on closed 3- 

manifolds with solvable word problem. Geom. TopoL, 6:1-26, 2002. math.GT/0102154 
[31] C. F. Miller III. Decision problems for groups — survey and reflections. In Algorithms and 

classification in combinatorial group theory (Berkeley, CA, 1989), number 23 in Math. Sci. 

Res. Inst. Publ., pages 1 — 59. Springer, New York, 1992. 
[32] E. E. Moise. Affine structures in 3-manifolds, V: the triangulation theorem and the Hauptver- 

mutung. Annals of Mathematics, 72:96-114, 1952. 
[33] W. Nickel. Computing nilpotent quotients of finitely presented groups. In Geometric and 

computational perspectives on infinite groups (Minneapolis, MN and New Brunswick, NJ, 

1994), volume 25 of DIMACS Ser. Discrete Math. Theoret. Comput. Sci., pages 175-191. 

Amer. Math. Soc, Providence, RI, 1996. 
[34] M. O. Rabin. Recursive unsolvability of group theoretic problems. Ann. of Math. (2), 67:172— 

194, 1958. 

[35] J. H. Rubinstein. An algorithm to recognize the 3— sphere. In Proceedings of the International 

Congress of Mathematicians, pages 601-611, Basel, 1995. Birkhauser. 
[36] M. Sapir. Personal communication, 2011. 

[37] P. Scott. The geometries of 3-manifolds. Bulletin of the London Mathematical Society, 15:401- 
487, 1983. 

[38] D. Segal. Decidable properties of polycyclic groups. Proc. London Math. Soc. (3), 61(3):497- 
528, 1990. 

[39] Z. Sela. Diophantine geometry over groups. I. Makanin-Razborov diagrams. Publications 
Mathematiques. Institut de Hautes Etudes Scientifiques, 93:31—105, 2001. 

[40] A. Thompson. Thin position and the recognition problem for S^. Mathematical Research 
Letters, 1:613-630, 1994. 

[41] N. W. M. Touikan. Effective Grushko decompositions, preprint, arXiv : 0906. 3902 , 2009. 

[42] P. Tukia. Homeomorphic conjugates of Fuchsian groups. J. Reine Angew. Math., 391:1-54, 
1988. 

[43] B. Zimmormann. Das Nielsensche Realisierungsproblcm fiir hinreichend groBe 3- 
Mannigfahigkciten. Math. Z., 180(3):349-359, 1982. 

Department of Mathematics, Statistics, and Computer Science, University of Illinois 
AT Chicago, 322 Science and Engineering Offices (M/C 249), 851 S. Morgan St., Chicago, 
IL 60607-7045, USA 

E-mail address: groves@math.uic.edu 

244 Mathematics Building, Dept. of Mathematics, University at Buffalo, Buffalo, 
NY 14260-2900, USA 

E-mail address: j399niabuffalo.edu 

Department of Mathematics, University College London, Cower Street, London, 
WCIE 6BT, UK 

E-mail address: hwiltonamath.ucl . ac .uk 



